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Me prove the fMowiq theorem: Let Y be 8 Hausdorf! space which is the continuous image of 
a sup&compact Harntiorff space, and let K be a countably infinite subBet of Y. Then ia) at least 
one chi@er point Oy E is the X&nit of a non&Ma1 convergent sequence in Y (not necessarily inK), 
and (b$ at most countably many duster pointi of K are not the limit of some nontriGa1 sequence 
‘in ‘ir; T9& &or&n-iipIiti~that 8pqcWike @I and flN\N are not supercompact. Moreover we 
will g&e_-> example of a seearable Fust countable compact Hausdorff space which is not 
supetimpact, 
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~,upcrcompact network BN Cantor tree 
flu 9R;: 9$ V}: % a coliectiun of finite subfaniilies of 9} 
is precisely the family of ckwd subs&s of X. Ry Alexander’s ubbase lemma a space 
is compact if and only If it ha a closed s&base ,very clera&v~~ (==any finite subfamily 
hW ~~~~~~~~,~~~~~Ct~~~~ F JbfatiiIy af which has nOnempty intersection. In [ 151, 
de Groat defined a spa~:le to ‘h su~rcomjpact if it has a closed subbase very hiked 
@any sub&nily with at must two members has no~em~ty intersection) subfamily 
graph [25). Also, it is e;asy to see that a pro&d of supercompact spaces is 
supercompact. 
De Groat raked the question of whether all compact Hausdorff spaces are 
rwmpact, [151. (An easy example of a non-Hausdorff compact &space which 
is not super-compact was constructed by Verb&& [ZS, Ix.2.2@)1~) Thi~3&titin wets 
answered in the negative by Beil, Cl], who showed that if /3X is superccxnpact, then 
X is pseudocompact. Consequently aspace like @+I is not SU@&MI~W$. C&r first 
Thecre.fn implies Bell’s results, end also implies that 8 space 1% @h$\hd is not 
supercoi-npact. 
1.1. ‘Ikorea. Let’ Y be a Hausdorff space which is a continuuus image of a 
supercornpac t Hausdofl space, and let K be a countably infinite subset uf Y. Tkn 
(a) nt teas! one cluster point of K is the limit of nonhjuial convergent sequence in Y 
(not necessnriJy in K ), and 
(b) at mo.qt countably many cluster points of K are not the limit of some nontrivial 
con oergent sequence in Y. 
X.2. Corollary. f3 \N, and pR\tR, or, more generally, an infinite compact 
Hausdot# F-space, [14], OP, yet more generally, an infinite compact Hausdo# space 
in which no sequence converges cannot be a continuous image of a supercompact 
Hausdorf space. Cl 
1.3. Corotiaq. If fix is the continuous image of a supercompact Hausdofl space, 
then X is pseudocompact. 
Examples of compact Hausdorff spaces which are not supercompact, obtained 
from Theorem 1 .l, are not first countable, and have cardinality at least 2’. This 
ests twc questions: are first countable compact Hausdorff spaces uper-compact? 
and: are “small” compact HausdorR spaces supercompact? These questions are 
answered in the negative by the following examples. 
1.4. Ex le. There is a separable first countable compact Hausdofl space which 
is rot supercompact. 
ere is a separable compact ~~ausdorjf space with WI poirats which is 
flat 34percompact. 
xample 1.5 also answers another natural question in the negative. As mentioned 
Examples 1~4 and 1.5 are also of interest because they are quite close to being 
supercornpa~~ In bot#t marnpbs the subspace corisisting of the non-isolatced points 
is supercompact, and both exampfes have a closed subbase Sp such that if & c 9’ is 
any subfamiIy such thad 4 1 n Aa n AJ f: 0 for any @at necessarily distinct) r31 It r$2s 
A3 E,_+& ruheb fj id + @, Sr=e [4] for more information about this type of weakening 
cof supercompactness. 
Theorem 1.1. also suggests some questions we cannot answer. 
1.6. Question. Let Y be a Iiausdorff continuous image of a supercompact Maus- 
dorff space (or just a super-compact HausdorfI space). If K is a countable pubset of 
Y, then is ez;ery cluster point of K the limit of a nontrivial convergent sequence in 
Y3 Equivalently, is a point-of Y the limit of a nontrivial convergent sequence iff it 
is a cluster point of a countable subset of Y? 
1.7, Questian* In an earlier version of this paper *ve asked if there is a non- 
supercompact Hausdorff space which is a continuous image of a supercompact 
Hausdorff space, This question has been answered afitmatively in [21]. However, 
two special cases remain open. We don’t know whether or not a retract of a 
supercompact IIausdorff space is again supercompact, and in fact we don’t even 
know if the factors of a supercompact product are supercompact. I  also is unknown 
whether or not dyadic spaces are supercompact. (See (B) in Section 4 for a partial 
answer.) 
In this connection we mention that Theorem 1.1 is valid under the (formally 
weaker) assumption that Y is a continuous image of a closed neighborhood retract 
of a supercompact Hausdorff space, and that Examples 1.4 and 1.5 cannot be 
embedded as a neighborhood retract in a supercompact Hausdorff space. 
We frequently use the following facts without explicit reference. The easy proofs 
are omitted. 
(1) A space has a binary closed subbase iff it has a binary closed subbase which 
is closed under arbitrary intersection. 
(2) Let 9’ be a closed subbase which is closed under finite intersection, for a 
compact space .X If F c X is closed, U c X is open and F c I/, then there is a finite 
s4 c 9 ;uch that F c U & c k/. In particular each &pen (“closed and open) subset 
of X is the union of some finite SubcolEection f 3’. 
e 
definition. 
1.1 from a more t dchnical result, e first need a 
_ 24 E. wan Dmven, J. wm ib$%it su~~ct:~ 
network for T in Y, if for each p E T and ~18 M$&&&IM U-of’lp.:in3? there is 
with p E A c: U (So if T = Y,, then d simply is a network for Y$ 7 ’ 
. Let Y be a Hausdo.$space which is a Continuous irmage of a a4piivkmn - 
pact Hausdorf space. If K is any count&y i@&e subset uf Y, then the &spa& 
E = {y E Y: y E Cl~(K\{~}), and no nontrirrial sequence 
in Yconoerges to y) 
of Y has a countable network in Y. 
Before we prove the Lemma, we show how to prove Theorem 1.1 from it. (Note 
that conversely Lemma 2.2 is a trivlai consequence of part (b) of Theoreti 1.1.) 
2.3. Proof of the l%eorem from the Lemma. bt Y and K be as in the Theorem, let 
E be as in the Lemma. We first show that E is countable, Let & be a countable 
network for E in K. In order to show that E is countable it suffices t? find for each 
p E E a finite 9-p c & with f-1 9,, = {p}, since & has only count&y ‘&ally’ finite 
subfamilies. 
Let p E E be arbitsary. List {A rz d: p E A) as {A,, : n E w}. We cl$ti that nian Ai = 
(p} for some n E o. For assume not. Then we can pick for each n E o an a, E 
(f-J_ A,)\{ p}. Since each neigh?jorhood of p in Y contains ome A,, it follows that 
the sequence (un)nGw converges to p. Since a, # p for all n, this contradicts p o E. 
We next show that (a) holds. suppose not. Then Cl& = s! uE* hence CSyK is 
countable. But each compact countable Hausdorff space is metrizabfe, hence each 
cluster point of K is the limit of a nontrivial sequence of points in K. Contra- 
diction. Cl 
Proof of the Lemma. Let X be a supercompact Hausdorff space which admits 
a continuous map, f say, onto Y. Let 9 be a binary closed subbase of X which is 
closed under intersection. For A c M define I(A) c X by 
I(A)=flS&‘:AcS}. 
Note that &A c Z(A), since sets of 9’ are closed, that 1(1(A)) = I(A), and that 
Q&C I(B) if A c 23, for all A, B c X. 
Let p E X. If U is a neighborhood of p and if A is a subset of X with 
p E Cl,: A, then there is a subset B of A with p E Cl&3 and 1(2? 1 c U. , 
Proof of Fact 1. Since X is rt borhood 
re is a finite 9 c: 9’ with Cl ow sisfinite, andAn 
e there is an S E 9 with p E Gtx (A. A 
)cWqJS= I/: cl 
25 
G%Mse-:an-y! ~Unt&le s&&et-J of X such that fEJ] = K. Since J ,has only countably 
my: .&it6 subsets~ the Earn&y 
Se = {fil(F)]: F is a finite subset of: J} 
is countable. We claim that it is a network &r X? in Y. 
Let y 6 E be arbitrary, and let U be a?y neighborhood of y in Y, and let 
J* = WXY II* 
Sin& %“is S &sea map (Y is Hausdorff), und f[J*] = K\(y), and y E Cl y (K\(y)), 
the&! is an x ‘&I&* with f(x) = ye Then Fact 1 implies that there is a B c J* such 4 - 
tkit x E Ck$ I3 and I(S) c f”[ ri]. We &I show that there is a fintte F c B such that 
y = f(x) ~ftf(P)]. Since y and U‘ are irbitrary, and fll(F)] c f[P( )] e u, it woL{ld 
follow that & is a aetwork for A!!? in Y. 
Enumerate g as (bk: k e w}; and for each n E w define Z,, and TO by 
z, = [ fl Nx, ~ij n Nbk : k s nh 
k-a 
T, = 
[ 
n m, bk)) dB)- 
k<n 1 
The existence of F is an easy consequence of the following 
Claim. There is an no such that fcZn] = {y} for all n a no. 
Indeed, just put F = {bk : k s no}. Before we proceed to the proof of the clainn, we 
prove otie more fact. 
Fact 2. n&* .I({& 6)) =(x}. 
Proof of Fact 2. Evidently x E d({x, b}) for all b G B. Let t E X\(x) be arbitrary. By 
Fact 1 -: here is a C c B such that x E CIx C and r(C) c X\{ t}. Choose any b E C. 
Then ta’ i({x, b)), since {x, b) c iclx C c I(C), whkh implies that I((x, 6)) c I(I( C)) = 
I(C). ” ;3 
Proof OJ’ Claim. Since x E ClxB c I(8), it follc\ws from Fact 2 that iT,,, T, = (x). 
But Z,, (= i’, for each n E O, and ( T,l : n tz c)} is a decreasing collection of clssed sets 
in a compact space, hence 
If V is any neighborhood of x in X, then there is an mso SW 
.%k= vforall ka,@ 
Now assume the claim to be fake. Thert 
crc>]~{P},ButZ,ik~farall %z ew since 
sof where we use tkre fact t 
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hood of y = f(x). Then there is an m such that 20, c f‘[ W] for alk k ;21 ma, ~Sitxtxt 
z(k) a k for all k, it follows that yk e U for all k a mo. Sine yk # y for all k e a, this 
contradicts yE .E. 0 
This completes the proof of the Lemma. 
2.5. hof of Corollary 1.3. We give two proofs. 
First proof. If X is not pseudocompact, then /3N can be embedded in PX as a 
neighborhood retract, 171. It easily follows that if /3X were a eontin~ous imtige of 
(a closed neighborhood retract of) a supercompact Hausdorff sga~e, t&n @N wotid js ,. 
be a neighborhood retract of a supercompact Hau@orB spa’ce. This ko~tr&&b 
. 
Tit-. 8rsm 1.1. 
3~. wd prouf, Since X is not pseudocompact there is a countably infinite relatively 
discrer;; c’ -embedded _;et D in X: Then D is homeomorphic t0 /3FU, hence has no 
non!, ‘vial ,. onvergent sequences; also, then fi n LI= 8 for every countable A c #3X 
SU ’ ‘xat A n 6 = 0 = A n D, [ 13, p. 7061, hence Ihere is no countable A G /3X -D 
SUCL 1.:1 . 7 -- A E D - 8. It folio-vs that no cluster point of D is the limit of a nontrivial 
codve~gc‘ 1, t sequence. 
CorollarJ i .3 generalizes the fact that X is pseudiocompact if PX is dyadic. (Recall 
that a d>rcidic space is a Hausdorff continuous image of some product of a family of 
two-pair: discrete spaces.) Corollary 1.2 was also (essentially) known for dyadic 
spaces, cf. { 12, footnote 21, see also [lo, Theorem lS]. This suggests the question 
of which ocher theorems on dyadic spaces generalize. None of the theorems on 
dyadic spaces recorded in [9], [lo] or [ 121 (not necessarily the original paper) which 
are not related to Corollary 1.2 or 1.3 can be generalized for Hausdorff continuous 
images of super-compact Hausdorff spaces, see the examples below, with the possible 
exception of the theorem that closed Gg-subspaces of dyadic spaces are dyadic, [12]. 
In view of this we asked in an earlier ver,siot.m of this paper if a closed Gaaubspace 
of a supercompact Hausdorff space is supercompact, oris at least a continuous image 
of a supercompact Hausdorff space. Bell has answered both questions in theneggtive 
by finding a supercompact HausdorfI space in which our Example 1.4 embeds as a 
G&, [3]. (However, not every compact Hausdorff space embeds as a Gs in some 
supercompact Hausdor’a space, [181.) 
We now sketch the examples. Note that three of the examples are compact linearly 
orderable spaces, and all four examples are supercompact. 
le. The Alexandroff double arrow line A, i.e. [0, k]x 
p (1, l)}, topoiogizecl by the lexicographic order. 
If n : A + [0, l] is the “projection”, then 7t is a continuous urjection, yet there is 
no (close+ metrizable M c A with rr[M] = [O, f], cf. [l2, Corollary on p. 56). Also, 
A is a nonmetrizable supercompactification f a met&able space (any countable 
de endix], and A is first countable but not s 
co 
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23. . o1 + 1, the space,of all or&naIs Gwl. 
Thepoint mg 4s not the Iirnit cbf 8 nontrivial convergent sequence in tb)l+ 1,cf. [ 10, 
C4XoIIary to Theorem LS]. 
m 
N@~;howei&z thatTheorem 14 is a partial generalization of tke thsorem that 
every non-isolated point of a dyadic space, is the &nit of a nontrivial canvergent 
Seq#ce?lce* ’ 
2.8. bsunple. An Ar onszajn Iinc. An Aronszajn line, L, can be constructed from 
an Aronszajn tree in the’same *--T . ay one constructs. a Souslin line from a Souslin tree, 
cf. [22]. 
It is known that there is a collection { UY: a < 01) of dense open subsets of L such 
that & 2 VP if IY C@, and n,,,, U@ = 0. So [9, Theorem 35 does not generalize. 
2.9. Example. The AIexandroff double D of the product P = (0, l)‘, [l 11: the 
underlying set of D is PX (0, 1). Points of P x(0) are isolated in I), A basic 
neighborhood of (x, 1) has the form U x (0, l}\{(x, 0)}, where U is a neighborhood 
of x in p. 
It is a straightforward exercise to show that D is supercompact. Let B be any 
cI&ed subspace without isolated points of P which is not the continuous image of a 
supercompact Hausdorfl space, e.g. a homeomorph of @N\N. Then B x (0, 1) is tht: 
closure of the open subset B x(1) of the supercompact space D, yet it is not 
supercompact, not even the continuous image of ai supercompact Hausdorff space, 
since the “natural” map from B x (0,l) to B it; contik?Tuous, cf. [ 10, Theorem 131. 
3. c4MU&u&on of the e%ampw 
We first fix some notation. The domain of a function f is dam(f). If A and. B are 
sets; A.B is the set of functions from A to B; recall that each f~ AB is a subset of 
A x B. So if f and g are functions, then f~ g means f = g 1 dam(f), the restriction 
of g to dom(fl. 
We will1 be interested in “2, for ordinals Q 6 o. An element of *2 can be seen as 
an cx-seqence of 0”s and l’s, A _ llsual we denote U,<, “2, the set of finite sequences 
of O’s and l’s, by @2. For each fe “2 we define 
I(f)={f In: new)(={gEE2: gcf}). 
the set of initial sequences of f; I(f) can be seen as the set of finite approximations 
to fi It is cllear that 
(1) ,ifaf, g E “2 are distinct, then I(f) A I(g) is finite. 
In other words9 (I(f): f E “2) is an almost ~~~~~0~~~ coi~e~tio~ of subse 
countable set % 
ThesetT = “2 u “2 is a tree, partially ordered by c; -thie’so-called ~MQP hpee, cf. 
[23]. We give T the usual tree topology by using the set 6f ali oper&rtervals a base. 
To be specific: points of e2 are isolated, and a basic neighborhoo@of f ~“2 contains 
f and all but finitely many points of 1(f!. T is first countable, and every subspace is
loally compact, by (1). Example 1.2 will b@ a compactif’of :p, I&ampIe 1.3 
will be the one-point compactification of a subspace of ‘II: : dj ‘- 16 
The set “2 can be viewed as a product of countably marry two-point discretespaces. 
Under the product opology “2 is nothing but the Cantor Discontinuum, abasis for 
this topology is : ‘; , 
((fC2: f 3g): g&Q} 
as the reader should make clear to himself or herself. 
The construction of the Examples depends on the following Lemma, the proof of 
which is postponed. 
3.1. Lemma. Let L c “2 be uncountable, Then no comp~~tification f the subspace 
“2 v L of T is supercompact. 
Construction of Example 1.5. Choose any subset L of O2 with cardinality 01. ‘I’hen 
the subspace S = %2 u L of T is a locally compact space with 01 points, hence the 
one-point compactification of S has all properties required. 
Construction of Example 1.4. As indicated above, we will construct a.first countable 
compactification of T. The basic idea is to identify the points of the subset “2 of T 
with the isolated points of the Alexandroff Double, [ll], of the Cantor Discon- 
tinuum, in the “natural” way. It will be technically convenient o change the 
underlying set of T to (0) x “2 w (I} x w 2, and the underlying set of the cantor 
Discontinuum to (2) x “2, if only to tell the two “2’s apart. 
Let K be {0} x“2 u {1,2} x @‘2. We topologize K by assigning each x f K a 
neighborhood base { V(X, n): n f w}. For (i, fl e K define 
10, f )1) if i=O, 
{G,fHuW,f b): k an) if i=l, 
{(j,g)EK: j63,f tnCg}\U((I,f),O) if i=2. 
The straightforward check that this is a valid neighborhood assignment for a 
ZWXk3 topology is left to the reader. Note that the subspace {1,2} X “2 of K is 
the Alexandroff Doubl f the Cantor Discontinuum, and that (0) x “2 u { 1) ~“"2 is 
a dense subspace of which is (homeomorphic to) 7’. I-‘Ience K cannot be 
su~rcom~act. 
It remains to show that r (& f) 65 et n (i, f) e ct) be arbitrary. 
have to show that the open cover 
i m *ma&(iSfl:): j= 1 or2,WiSgp). 
A straightforward check shows that 
exueptiun of the points of the Enite se 
subcover. 0 
Before we gmxeed to the proof of Lmmna 3.1 we prove a &pIc: useful! result on 
the abmt disjoint famiIy {I(f): f f “2). 
Fact. Let 6 be any unmuntable subset of ‘2. Then thexe are a g E G and an infinite 
H c C?\(g) such that I(h)n I(&‘) c I(g) for a$y two distinct bt, k’ E H (then afso 
(r(h)uth~~n(I(h’)u{~‘}~cI(g)). 
Consider G to be a subspace of the Cantor Discontinuum “2. Then G is an 
uncountable separable met&able space, hence we can find a nonisolated g in G. 
Basic neighborhoods of g in G have the form 
{hEG:grnch}, ntzw 
hence we can find H’ = (h,: n E w) C= G\{g} such that 
min(k: g(k) : * Ilr,(k))<min{k: g(k) f h,,,l(k)} 
for alI n E O. Then g and H are as required. Cl 
plsaf af timma 3.1. Denote the subspace s2~L of T by 2. Let bZ be any 
(Hausdorff) compactification of 2. Let 9’ be sny close bbase for bZ which is 
closed under intersection. 
For each f E L the set I(f)u 
&Z Therefore is the 
f0r 
( 
(4) (S(h )\(I(g j w (8)): k E W) is a disjoin: collection of nonem@y subsets of&T. 
Since I( g ) 1 J (g ; is a clopen subset of bZ* 80 is its cornp1ement in & &kIce 
b,Z\(Z(g) LJ (g)) is the union of a finite subfamily of 9. It now follows from (4) that 
there is an S E 9 with 
(5) s~V(gMg~)=8, 
sl,lch that there are distinct h, h’ e H such that S intersects both S(h) and S(V). But 
S(h) and S(h’) intersect since p E S(h)n S(h’), consequently (S, S(k), S(V)) is 
linked. However, it follows from (2), (3) and (5) that 
SnS(h)nS(h’)~Sn(l(h)u{h})n(l(h’)u{h’}) 
cSnI(g)=$. 
Consequcntiy 9 is not binary. c5 
Remark. This lemma is similar to the proof iii [l], and was discovered indepen- 
dently, but after learning that not every compact Hausdorff is supercompact. 
We now show that Examples 1.4 and 1.5 are close to being ~~percompact. Note 
that if X is compact, hen any base for X consisting of clopen sets is a closed subbuse 
for x. 
Proposition 3.2. Let E be either Example I.4 OI EM mple 1 S, and let I be the 
(countable) set of isolated points of E. Then 
t a) E \I is serpe~compnct 
RI) E has a base 9 consisting of c/open sets such that for any & c 3 if A1 n A2 (7 
&ZOfOlq4,,A& A.gE&then n&+43. 
We prove this for Example 1.4, and leave the proof for Example 1.5 to the reader. 
Proof of (a). E\I Is the: one-point compactification D w {g{ of a discrete space D. 
Clearly 
((x ): x E D) v ((E\I)\F: F e: D finite) 
is a binary subbase for 
ofof (b). For f E 
m+={fkJf l(w\nJ 
(*) there are B(a, p) and 3(b, 4) E 9 such that B(a, p) A Bib, ~7) =n 9. 
For any f, g E “2 we can define d(f, g) s u by 
d(f,g)=max{asw:f /‘ff=gtcu}. 
It B(fi m) and B(g, n) be any two members of *with f + g. Then for any h E “2, 
if jad(f, g}, then B(h, j) can not intersect both B(f, m) and B(g, n). Sinee any two 
members of 9 intersect, it follows that 
p =t nxax{n E 0: 3h & F(B(h, n) E $1) 
exists. Choose any a E F such that B(a, p) E 9. Let 
s=min(na.e 3hEF(h#a andd(a, h)=n)} 
and choose any B(b, 4) e $ such that d(a, b) = s. Since cy s p one easily verifies that 
B(u, p) n B(b, q) 6; r\ Sk. This completes the proof of (*). 
Let j=d(a,b). Then a ~j~B~a,p)nB(b,q), and if fcB(a,p)nB(b,q), then 
f = a r i for some 3 G j. It is clear from the form of the members of % that if U E % 
and Q rj6U9 then a fi&U for any Mj. Since A~r~A~~~A#flfor any AI, AZ, 
A3 e .a!, it’ follows from (*) that Q 1 j E n .& II3 
4. 
During the long time refereeing of this paper took, and during the Song time we 
took to make a few revisions, there have been several ~~~~e~o~rne~ts in addition to 
the fact that several of the questions we raised in an ~~r~~~r version have been 
answered. 
dyadic spaces, this can be seen as a partial answer to the qu@.i~e af whetherdyadiik 
spaces are supercompact. 
(C) One of us has found an example of a compact Wausdorff space for which the 
proof that ic ir; not supercompact is particularly simple because it requires only 8 
trivial observation on binary subbases, [S]. 
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